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We discuss the QCD phase structure at finite temperature and chemical potential for 2-flavour
and 2 + 1-flavour QCD. The results are achieved by computing QCD correlation functions within a
generalised functional approach that combines Dyson-Schwinger equations (DSE) and the functional
renormalisation group (fRG). In this setup fRG precision data from [1] for the vacuum quark-gluon
vertex and gluon propagator of 2-flavour QCD are used as input, and the respective DSEs are
expanded about this input. While the vacuum results for other correlation functions serve as a
self-consistency check for functional approaches, the results at finite temperature and density are
computed, for the first time, without the need of phenomenological infrared parameters.
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I. INTRODUCTION
A detailed understanding of the QCD phase structure
at finite temperature and density are essential for our un-
derstanding of the formation of matter and the evolution
of the universe. It is also necessary for interpreting data
collected at running and planned heavy-ion experiments
as well as further predictions, for reviews see [2–11].
In the present work we access the QCD phase struc-
ture within a generalised functional approach, that com-
bines Dyson-Schwinger equations (DSE) and the func-
tional renormalisation group (fRG). In [1] the fRG flows
of vertices and propagators in unquenched 2-flavour QCD
have been solved within a quantitative approximation,
and in particular the quark-gluon vertex has been fully
resolved. The solution of the gap equation of the quark
propagator solely requires the knowledge of the quark-
gluon vertex and the gluon propagator. These correla-
tion functions carry the full information about confine-
ment and chiral symmetry breaking, and their quanti-
tative computation within functional methods has been
the subject of many works in the past two decades, for
fRG works see e.g. [1, 12–25], for DSE works see e.g.
[9, 10, 26–42]. For related lattice studies see e.g. [43–54].
Functional investigations of the gluon sector have re-
vealed a very interesting structure. While a quantitative
access to the gluon propagator in Yang-Mills theory with-
out any phenomenological input requires very elaborate
approximations, see [20], its modification in the presence
of dynamical quarks converge already in rough approxi-
mations to the matter fluctuations: the dominating effect
of the matter fluctuations by far is the change in the mo-
mentum scale running in the ultraviolet which is already
captured very well by perturbation theory. This prop-
erty is also reflected in the fact that the gluon propagator
does not change significantly if changing the pion mass
from the chiral limit to masses of about 400 MeV, see [1].
Moreover, the light flavour quark-gluon vertex does not
change significantly in the presence of a heavy strange
quark: without flavour changing parts the presence of
the strange quark in first order only changes the momen-
tum running of the gluon propagator. Note that this
approximate decoupling or rather separation of fluctua-
tions changes in the chiral limit with a vanishing strange
quark mass.
In combination this provides us with an optimised ex-
pansion scheme of DSEs for QCD, based on the quanti-
tative fRG results in [1]: All correlation functions except
the quark propagator are expanded about the 2-flavour
case. This allows us to access correlation functions and
the phase structure of QCD at baryon chemical poten-
tial up to µB/T <∼ 3 with quantitative reliability, but the
results extend beyond this regime. In the vacuum, at fi-
nite temperature, and at not too high baryon chemical
potential quantitative functional and lattice results serve
as benchmark tests for our method.
II. FRG-ASSISTED DYSON-SCHWINGER
EQUATIONS
Functional relations for QCD such as functional renor-
malisation group equations or Dyson-Schwinger equation
are formulated as master equations for the effective ac-
tion Γ[Φ] with the superfield Φ = (Aµ, c, c¯, q, q¯). The
derivatives of Γ with respect to the fields,
Γ
(n)
Φi1 ···Φin (p1, ..., pn) =
δΓ[Φ]
δΦi1(p1) · · · δΦin(pn)
, (1)
are the one-particle-irreducible (1PI) correlation func-
tions and are derived by taking field derivatives of the
fRG or DSE for the effective action. This leads to one-
loop (fRG) or two-loop (DSE) exact relations between
full 1PI correlation functions of QCD.
It is worth emphasising that the notion one- or two-
loop has nothing to do with perturbation theory. The
latter actually can be rederived by a recursive solution
of the relations about the classical correlation functions.
While being relations for the same set of correlation func-
tions, in non-perturbative approximations they differ due
to the different non-perturbative loop structure. Accord-
ingly, an important respective self-consistency check is
ar
X
iv
:2
00
2.
07
50
0v
1 
 [h
ep
-p
h]
  1
8 F
eb
 20
20
2−1 −1
= −
FIG. 1. Quark gap equation. The lines with a blob are the
full propagators, that without is the classical one. Vertices
with blobs are full vertices, those without are classical ones.
provided by agreeing results obtained in given approx-
imations to different functional hierarchies. Moreover,
their structure of closed one- or two loop relations be-
tween correlation functions allows to use correlation func-
tions from external input such as other functional com-
putations or lattice simulations, see e.g. [10, 27–30, 33–
42, 55, 56]. By now, the lattice approach to Landau gauge
QCD has produced quantitatively reliable vacuum ghost,
gluon and quark propagators with small statistical errors
as well as gluon propagators at finite temperature. Re-
sults for full dynamical QCD at finite temperature and
physical quark masses are still lacking. Moreover, while
impressive progress has been made in the computation
of vertices, so far these computations lack the statistical
precision required for a quantitative input.
In turn, functional computations in vacuum QCD have
by now reached a quantitative level of precision not only
for the propagators but also for vertices such as the
quark-gluon vertex. In the present work we use the
quark-gluon vertex and gluon propagator fRG data of
vacuum 2-flavour QCD at physical quark masses from [1]
as an external input in the DSEs for propagators and ver-
tices in 2- and 2 + 1-flavour QCD at finite temperature
and density.
We pursue slightly different strategies for the correla-
tion functions involved. The quark propagator is com-
puted from its DSE, the gap equation, see Figure 1 for
all temperatures and densities. For the gluon propaga-
tor and the quark-gluon vertex we expand the respec-
tive DSEs about the fRG results of vacuum 2-flavour
QCD from [1]: the DSE for the inverse gluon propaga-
tor Γ
(2)
AA(p) and the quark-gluon vertex Γ
(3)
qq¯A(p1, p2) are
reformulated as one for the difference between the vac-
uum two-flavour gluon propagator and quark-gluon ver-
tex and the full gluon propagator and quark-gluon ver-
tex. For the gluon propagator this DSE is solved, while
we employ an ansatz for the strange, thermal and den-
sity fluctuations for the quark-gluon vertex. The latter
is built on regularity relations between the different ten-
sor structures in the vertex as well as the Slavnov-Taylor
identities (STI).
A. Quark gap equation and chiral phase transition
The quark gap equation relates the inverse quark prop-
agator Γ
(2)
qq¯ to its classical counter part S
(2)
qq¯ , to the quark
and gluon propagators, and the classical and full quark-
gluon vertex, see Figure 1. In the vacuum we write
Γ
(2)
qq¯ (p) = Zq(p
2) [i /p+Mq(p)] , (2)
using the notation of [1]. In (2) the Dirac tensor structure
is proportional to the quark wave function renormalisa-
tion Zq(p). Its RG-scale or momentum derivative is the
quark anomalous dimension. In turn, the scalar dressing
Mq(p) is the quark mass function and carries the infor-
mation of chiral symmetry breaking.
At finite temperature and density the rest frame singles
out the temporal direction and we write,
Γ
(2)
qq¯ (p˜) = Z
‖
q (p˜)
[
γ0 ip˜0 +
Z⊥q (p˜)
Z‖q (p˜)
~γ i~p+Mq(p˜)
]
. (3)
In (3) p˜ is the quark momentum including the chemical
potential via p˜0 = p0 − i/3µB . Eq. (3) straightforwardly
extends to general correlation functions (1) with p˜ij with
j = 1, ..., n that carry the chemical potential of the re-
spective field Φij , for example,
p˜ = (p0 − i sΦiµB , p) . (4)
The factor sΦi is the baryon number of the component
field Φi of the superfield Φ = (Aµ, c, c¯, q, q¯). We have
sq = 1/3, sq¯ = −1/3, and sΦi = 0 for Φi 6= q, q¯. Note
also that the correlation functions at finite density and/or
finite temperature also carry a genuine dependence on the
baryon chemical potential.
Eq. (3) signifies the mass function Mq(p) as the ’pole
mass’ function of the quark. Alternatively, we could have
pulled out Z⊥q in front in (3). Then Mq would be the
’screening mass’ function. The quark DSE reads
Γ
(2)
qq¯ (p˜)− S(2)qq¯ (p˜) =
∫∑ dq0
2pi
∫
d3q
(2pi)3
tr
[
GAA,µν(q + p)
×λ
a
2
(−iγµ)Gqq¯(q˜)Γ(3)qq¯Aaν(q˜,−p˜)
]
. (5)
In (5) the trace ’tr’ sums over Dirac indices, the quark
and gluon propagators are given by Gqq¯ = (1/Γ
(2))qq¯
and GAA = (1/Γ
(2))AA respectively, and all momenta are
counted as incoming. At finite temperature the frequency
integrals turn into Matsubara sums with
Aµ, c, c¯ : ωn = 2piTn , q, q¯ : ωn = 2piT
(
n+
1
2
)
. (6)
Eq. (5) can be solved with the knowledge of the gluon
propagator GA and the quark-gluon vertex Γ
(3)
qq¯A. In Sec-
tion II B and Section II C we detail how these correlation
functions at finite temperature and density are computed
on the basis of the vacuum two flavour fRG-data from [1].
3B. DSE for the strange quark, temperature, and
density corrections to the gluon propagator
The DSE for the inverse gluon propagator for general
flavours Nf at finite temperature and density is expanded
about that in the vacuum for two-flavour QCD. This
reads schematically
Γ
(2)
AA(p)
∣∣∣
T,µB ,Nf
= Γ
(2)
AA(p)
∣∣∣
0,0,2
+ ∆Γ
(2)
AA(p) , (7)
and leaves us with a DSE for the difference ∆Γ
(2)
AA be-
tween the full inverse gluon propagator and that of vac-
uum 2-flavour QCD, depicted in Figure 2.
Let us first discuss the advantages of this formulation
as well as generic strategies for its numerical solution:
as the propagator does not show a dominant dependence
of neither the additional quark (for Nf = 2 + 1) nor
temperature and density, the DSE for ∆Γ
(2)
AA can e.g. be
iterated starting with ∆Γ
(2)
AA = 0. This has been shown
e.g. in [1] with a study of the missing current quark mass
dependence in two-flavour QCD: the strange quark loop
is quantitatively captured with its induced perturbative
momentum and RG-scale running of the gluon propaga-
tor. The latter behaviour is already captured in simple
approximations. This argument also carries over to the
mild temperature and in particular very mild chemical
potential dependence, see e.g. [10, 23, 33].
Note also that the expansion in (7) reduces the renor-
malisation subtleties in the vacuum. Moreover, if iter-
ating about the respective vacuum result for Nf = 2
and Nf = 2 + 1, the temperature- and density indepen-
dence of the renormalisation procedure is apparent in the
finiteness of ∆Γ
(2)
AA. A further numerical stabilisation is
achieved by separating the thermal sums and integrals in
∆Γ
(2)
AA as follows
T
∑
ωn
loopT,µN (q˜, p)−
∫
dω
2pi
loopvac(q, p)
=
[
T
∑
ωn
loopvac(q˜, p)−
∫
dω
2pi
loopvac(q, p)
]
+ T
∑
ωn
[
loopT,µB (q˜, p)− loopvac(q˜, p)
]
, (8)
with q0 = ωn at T 6= 0 and q0 = ω at T = 0, and
loop(p, q) stands for the loops in the second line of Figure
2. Then, the second line in (8) encodes the direct effect
of thermal and density fluctuations, namely substituting
the q0-integral by the Matsubara sum as well as introduc-
ing the chemical potential in the quark loop while keeping
the vacuum correlation functions. Evidently this is finite
and numerically stable. Moreover, it can be computed
from the knowledge of the vacuum correlation functions
only. The third line vanishes for ∆Γ
(2)
AA = 0, and the dif-
ference of loops in the square bracket decays faster than
=−
−1−1 s
+
u/d
−12 + +12 +
= −
FIG. 2. Gluon DSE for the difference ∆Γ
(2)
AA between the full
gluon propagator and the vacuum 2-flavour gluon propagator.
Lines and vertices with black blobs are the full propagators
and vertices at finite temperature and density. Lines and ver-
tices with grey blobs are full vacuum propagators and vertices
for Nf = 2. The square bracket contains the temperature and
density fluctuations and does not require renormalisation. We
have dropped the part of the classical gluon propagator that
carries the renormalisation of the strange loop.
loop(q, p) itself. This results in a numerically stable sec-
ond line which is only triggered by the direct effects of
thermal and density fluctuations in the third line. More-
over, it is subleading for sufficiently small T, µB .
In the present work we utilise the quantitative small-
ness of the correction ∆Γ
(2)
AA, and resolve it in a simplified
approximation: To that end we approximate ghost-gluon
correlation functions at finite temperature and density
on the right hand side of (8) with their vacuum coun-
terparts. Moreover, we have approximated the vacuum
three-gluon vertex with the classical one. In this approx-
imation ghost-gluon contributions to the third line in (8)
vanish. This approximation is trustworthy as long as
∆Γ
(2)
A remains a small perturbation. We have monitored
this property in our explicit computation. Due to the
finiteness of the momentum integrals this approximation
is easily lifted which will be considered elsewhere.
C. Quark-gluon vertex at finite T and µB
In this Section we derive an Ansatz for the strange
quark, thermal and density corrections ∆Γ
(3)
qq¯A of the
quark-gluon vertex for 2- and 2 + 1-flavour QCD based
on the Nf = 2 flavour quark-gluon vertex in the vacuum
computed in [1], see also [40, 42, 57, 58]. We have
Γ
(3)
qq¯A(p1, p2)
∣∣∣
T,µB ,Nf
= Γ
(3)
qq¯A(p1, p2)
∣∣∣
0,0,2
+ ∆Γ
(3)
qq¯A(p1, p2) .
(9)
Eq. (9) leaves us with the task of solving the Dyson-
Schwinger equation for the difference, depicted in Fig-
ure 3. Evidently, for small corrections ∆Γ
(3)
qq¯A this could
be easily solved within an iteration with ∆Γ
(3)
qq¯A = 0 and
described for the gluon DSE in Section II B. Moreover,
if neglecting subleading flavour-changing processes the
change of the quark-gluon vertex for Nf = 2 + 1 only
4= +
FIG. 3. Quark-gluon DSE for the difference ∆Γ
(3)
qq¯A between
the full quark-gluon vertex (with black blob) and the vacuum
2-flavour quark-gluon vertex (with grey blob). As in Fig-
ure 2 the temperature and density fluctuations in the square
bracket do not require renormalisation.
arises from the change in the momentum running of the
vertices and propagators, no new diagram is present.
In the present work we refrain from computing these
corrections, their computation will be presented else-
where. Here we follow a strategy that reduces the com-
putational costs significantly: We construct vertices by
utilising firstly non-trivial relations between the dressings
of the different tensor structures of the quark-gluon ver-
tex, secondly its regularity at momenta p2 >∼ 1 GeV, and
thirdly the STIs for the dressings of the different tensor
structures. Apart from the reduced numerical costs this
construction guarantees the quantitative compatibility of
the running of the different ’avatars’ of the strong cou-
plings derived from the purely gluonic, ghost-gluon and
quark-gluon vertices, see [1]: small deviations in the per-
turbative and semi-perturbative momentum runnings of
the respective couplings have a huge effect on the chiral
symmetry breaking scale.
Within this construction the vertex dressings of all
tensor structures of the quark-gluon vertex can be ex-
pressed in terms of quark, gluon and ghost dressings
and the dressing of the ghost-gluon vertex. This allows
us to make use of the hierarchy for the latter dress-
ings in terms of their T, µB and s-quark dependence:
While ghost-gluon correlations are effectively indepen-
dent of T, µB and s-quark fluctuations, pure gluon cor-
relations show a mild T dependence. As for the gluon
propagator, the dependence on the strange current quark
mass m0s is negligible, and hence the s-quark dependence
is well-approximated with the perturbative momentum
running. In turn, the µB-dependence is subleading. Only
the quark dressing shows a significant T, µB-dependence.
The idea behind this construction can be nicely illus-
trated by discussing the quark-gluon coupling αqq¯A(p¯)
and the ghost-gluon coupling αcc¯A(p¯) given by
αqq¯A(p¯) =
1
4pi
(
λ
(1)
q¯qA(p¯)
)2
ZA(p¯)Z2q (p¯)
, αcc¯A(p¯) =
1
4pi
(
λ
(1)
c¯cA(p¯)
)2
ZA(p¯)Z2c (p¯)
,
(10)
Here, λ
(1)
q¯qA , λ
(1)
c¯cA are the dressings of the classical tensor
structures of the respective vertices. For the classical
action we have λ
(1)
qq¯A = g = λ
(1)
cc¯A. In (10) the vertices are
evaluated at the symmetric point
p¯2 =
p2 + q2 + k2+
3
, with k± = −(p± q) , (11)
where p is the incoming quark (ghost) momentum, q is
the incoming anti-quark (anti-ghost) momentum and k+
is the incoming gluon momentum. Moreover, ZA(p¯) and
Zc(p¯) are gluon and ghost dressing function, for more
details on the notation see [1].
The two couplings in (10) are related with STIs and
two-loop universality. They agree to a quantitative de-
gree due to rather trivial quark-gluon scattering kernels
for perturbative and semi-perturbative momenta p¯2 >∼ 3
GeV. There we have
λ
(1)
q¯qA(p¯) ≈ Zq(p¯)
λ
(1)
c¯cA(p¯)
Zc(p¯)
, (12)
see Figure 14 in Appendix A. Eq. (12) is a rather in-
teresting relation: the ghost-gluon dressing λc¯cA and the
ghost wave function renormalisation Zc(p¯) are effectively
independent of the strange quark, temperature and in
particular of density fluctuations. For T and µ this reads(
∂
∂µB
λ
(1)
c¯cA(p¯)
Zc(p¯)
,
∂
∂T
λ
(1)
c¯cA(p¯)
Zc(p¯)
,
∂
∂m0s
λ
(1)
c¯cA(p¯)
Zc(p¯)
)
≈ 0 ,
(13)
with the strange current quark mass m0s. The very mild
temperature and current quark mass dependence has
been checked explicitly with functional methods and lat-
tice simulations. In turn, the chemical potential depen-
dence of ghost correlation functions is only triggered very
indirectly: The explicit chemical potential dependence of
the quark propagator triggers a very mild one in gluon
correlations which then feeds into the ghost correlations.
In summary, for the temperatures and chemical po-
tentials relevant for the phase structure we can rely on
vacuum ghost-gluon correlations. As an important conse-
quence the whole strange-quark, temperature and chem-
ical potential dependence of the quark-gluon dressing
λ
(1)
qq¯A of the classical tensor structure in the perturba-
tive and semi-perturbative regime stems from the factor
Zq(p¯) in (12). Using (9) for the dressing λ
(1)
qq¯A leads us to
the general parametrisation
λ
(1)
qq¯A = (λ
(1)
qq¯A)
(in) + ∆λ
(1)
qq¯A , (14)
where the superscript λ(in) indicates the input data, here
the 2-flavour QCD dressing in the vacuum. With (12)
the correction ∆λ
(1)
qq¯A is given by
∆λ(1)(p¯) = λ˜
(1)
qq¯A(p¯)
[
Zq − Z(in)q
]
(p¯) , (15)
with
λ˜
(1)
qq¯A(p¯) =
(
λ
(1)
qq¯A(p¯)
Zq(p¯)
)(in)
. (16)
Hence, the strange quark, thermal and density depen-
dence of λ
(1)
qq¯A is entirely carried by Zq. Note that
5λ˜
(1)
qq¯A carries a non-trivial momentum dependence also for
p¯ >∼ 1 GeV as we refrained from dividing out the ratio
λ˜
(1)
cc¯A/Zc. As discussed above, this ratio has a negligible
s, T, µB-dependence, see (13), and in the present approx-
imation we simply use the vacuum values. Then it is a
global prefactor in the difference and can be absorbed in
λ˜
(1)
qq¯A as done in (15).
The above derivation sets the stage for the discussion
of the full quark-gluon vertex. We discuss regularity and
STI-constraints for the different dressings, which finally
provide us with a vertex ansatz. To that end we expand
the full quark-gluon vertex in a full tensor basis which
contains twelve elements. In [1] the full transversely pro-
jected quark-gluon vertex has been written as follows,
Γ
(3)
qq¯A,ν(p, q) =
8∑
i=1
λ
(i)
qq¯A(p, q)Π
⊥
µν(k+)
[
T (i)qq¯A
]
ν
(p, q) ,
(17)
with the transverse and longitudinal projection operators
Π⊥µν(k) = δµν −
kµkν
k2
, Π
‖
µν(k) =
kµkν
k2
. (18)
and the tensor basis T iqq¯A in (17) given by[
T (1)qq¯A
]µ
(p, q) = −iγµ ,
[
T (5)qq¯A
]µ
(p, q) = ik/+k
µ
− ,[
T (2)qq¯A
]µ
(p, q) = kµ− ,
[
T (6)qq¯A
]µ
(p, q) = ik/−k
µ
− ,[
T (3)qq¯A
]µ
(p, q) = k/−γ
µ ,
[
T (7)qq¯A
]µ
(p, q) = i2 [p/, q/]γ
µ ,[
T (4)qq¯A
]µ
(p, q) = k/+γ
µ ,
[
T (8)qq¯A
]µ
(p, q) = − 12 [p/, q/]kµ− .
(19)
λ
(1)
qq¯A is the dressing of the classical tensor structure.
The basis (19) can be derived from quark–anti-quark
and gluon derivatives of the gauge invariant operators
q¯D/ q → T (1)qq¯A, q¯D/ 2q → T (2−4)qq¯A , q¯D/ 3q → T (5−7)qq¯A and
q¯D/ 4q → T (8)qq¯A, see [1, 15]. The tensors T (1,5−7)qq¯A are chi-
rally symmetric, while T (2−4,8)qq¯A break chiral symmetry.
In [1, 15] is has been also observed that for perturba-
tive and semi-perturbative momenta the different dress-
ings λ
(i)
qq¯A of those tensor structures obtained from the
same operator are indeed related at the symmetric point.
Moreover, in [1, 15] it has been found that the dressings
λ
(i)
qq¯A only show a mild angular dependence. For similar
considerations in a basis with defined C-parity see [57–
60]. This allows us to employ angular averages of the
input dressings,
λ
(i)
qq¯A(p
2, q2, θ)→ λ¯(i)qq¯A(p2, q2) =
1
pi
∫
θ
λ
(i)
qq¯A(p
2, q2, θ) ,
(20)
for the transverse dressings i = 1, ..., 8. The longitu-
dinal dressings do not contribute to the gap equation.
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FIG. 4. The averaged dimensionless dressings for the three
dominant dressings λ1,4,7qq¯A of the tensors T (1,4,7)qq¯A , (19).
The average (20) simplifies the numerical computations,
and also allows for a more direct access to the physics
mechanisms at work. The averaged dressings for three
dominant components λ
(1,4,7)
qq¯A are shown in Figure 4.
The derivations and discussions are deferred to Ap-
pendix A. Here we emphasise the important results. First
of all the dominant dressings are given by λ
(1,4,7)
qq¯A , while
λ
(3,8)
qq¯A ≈ 0. Moreover, for momenta p¯ >∼ 1 GeV we have
λ
(2)
qq¯A ≈
λ
(4)
qq¯A
2
, λ
(5)
qq¯A ≈
λ
(7)
qq¯A
2
, λ
(6)
qq¯A ≈
λ
(7)
qq¯A
12
, (21)
which leaves us with the task of writing ∆λ
(1,3,4,7,8)
qq¯A in
terms of quark, gluon and ghost dressings and the dress-
ing of the ghost-gluon vertex with the help of the STIs.
The validity of the latter procedure is checked in the vac-
uum, see Appendix A. We are led to
∆λ
(1,5,6,7)
qq¯A (p, q) = λ˜
(1,5,6,7)
qq¯A
[
ΣZq − Σ(in)Zq
]
(p, q) ,
∆λ
(2,3,4)
qq¯A (p, q) = λ˜
(2,3,4)
qq¯A
[
Z
1/2
A ∆ZqMq
− (Z1/2A ∆ZqMq )(in)
]
(p, q) ,
∆λ
(8)
qq¯A(p, q) = λ˜
(8)
qq¯A
[
∆ZqMq −∆(in)ZqMq
]
(p, q) , (22)
with
λ˜
(1,5,6,7)
qq¯A (p, q) =
(
λ
(1,5,6,7)
qq¯A (p, q)
ΣZq (p, q)
)(in)
,
λ˜
(2,3,4)
qq¯A (p, q) =
(
λ
(2,3,4)
qq¯A (p, q)
Z
1/2
A (p+ q)∆ZqMq (p, q)
)(in)
,
λ˜
(8)
qq¯A(p, q) =
(
λ
(8)
qq¯A(p, q)
∆ZqMq (p, q)
)(in)
. (23)
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FIG. 5. 2-flavour quark propagator M(p2) and Z(p2) in com-
parison to the fRG results, [1], as well as lattice results, [61],
for M(p2).
In (22) and (23) we have used the abbreviations
ΣX =X(p
2) +X(q2) , ∆X =
X(p2)−X(q2)
p2 − q2 , (24)
for dressings factors that originate from the quark legs
of the vertex. The dressings λ˜
(i)
qq¯A with i = 1, ..., 8, par-
tially supplemented with trivial momentum dependences
and λ
(1)
cc¯A, are depicted in Figure 15 and Figure 16 in
Appendix A at the symmetric point.
This concludes our construction of an STI-compatible
quark-gluon vertex at finite temperature and density on
the basis of the 2-flavour quark-gluon vertex in the vac-
uum. We emphasise that the construction is general, and
is easily adapted to generic input data not only from the
fRG but also from other functional approaches as well as
the lattice.
III. DETERMINATION OF THE
FUNDAMENTAL PARAMETERS OF QCD
It is left to determine the fundamental parameters of
QCD, the current quark masses. In the present work
we assume isospin symmetry with identical up and down
quark current masses: m0u/d = m
0
l . Then the current
masses are determined by computing suitable observ-
ables. Convenient choices are the vacuum pion decay
constant fpi or the vacuum pion pole mass mpi. In the
present work we adjust the pion pole mass. Moreover, in
the 2 + 1-flavour case we also adjust the strange quark
mass m0s with the relation m
0
s/m
0
l ≈ 27. In summary
this leads us to
mpi(m
0
l ) = 140 MeV , Nf = 2 + 1 :
m0s
m0l
= 27 , (25)
with the pion decay constant as a first prediction. Also,
the quark mass function Mq(p) can be compared with the
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FIG. 6. Flow equation for the quark two-point function.
All propagators and vertices are full ones, indicated with
the blobs. The ∂˜t-derivative is taken at fixed Γ
(n)
k , that is
∂˜tΓ
(n)
k = 0. It only hits the explicit cutoff dependence in
the regulator Rk(p), the latter being a shift in the (classical)
mass functions of the fields, m2Φi → m2Φi +RΦi,k(p), for more
details see e.g. [1, 23, 66]. The double lines stand for scalar-
pseudoscalar degrees of freedom introduced with dynamical
hadronisation, [1, 15, 16, 23, 66–69].
respective fRG and lattice results. We emphasise that no
phenomenological infrared parameter such as the infrared
vertex strength is adjusted, the current setup has the full
predictive power of a first principle approach.
The pion mass mpi and decay constant fpi can be com-
puted from the quark propagator, see e.g. [62, 63], for
reviews see [60, 64, 65]. We use the Pagels-Stoker ap-
proximation for the pion decay constant, and the Gell-
Mann–Oakes–Renner relation for the pion mass,
fpi =
4Nc
Npi
∫
p
Mrq
(p2 +M2q )
2
[
Mq − p
2
2
∂Mq
∂p2
]
,
m2pi =
8Nc
f2pi
∫
p
m0lM
r
q
p2 +M2q
, (26)
with the normalisation Npi of the Bethe-Salpeter wave
function of the pion,
N2pi = fpiNpi
+ 2Nc
∫
p
(Mrq )
2
(
p2 ZqZ
′′
q + 2Zq Z
′
q − p2Z ′′q
)
Z2q (p
2 +M2q )
,
(27)
where Z ′q(p
2) = ∂p2Zq(p
2) and Z ′′q (p
2) = ∂2p2Zq(p
2) and
Mrq (p
2) = M(p2) −m0l ∂M(p
2)
∂m0l
. The relations in (26) are
reductions of the exact relations with additional form
factor that are set to unity in (26). In particular, the ap-
proximation (26) leads to an underestimation of the pion
decay constant. In summary, with (26) we can compute
the pion mass and decay constant from the quark propa-
gator. This allows us to determine the respective current
quark masses m0u/d = m
0
l .
This concludes our setup for fRG-assisted DSE com-
putations described in Section II and the present sec-
tion Section II A. Now we determine the 2-flavour current
quark masses with (25), using (26). This leads us to the
quark propagator depicted in Figure 5 and
m0l = 2.5 MeV : fpi = 92 MeV , Mq(0) = 387 MeV .
(28)
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FIG. 7. 2+1-flavour gluon propagator at vanishing and finite
temperature, computed from the 2-flavour vacuum propaga-
tor from [1]. We also display 2+1-flavour vacuum results from
the fRG, [23], and the lattice, [70], as well as fRG results at
T = 1.3Tc from [23].
WithNpi = 88 MeV the difference between the pion decay
constant and the normalisation of the pion wave function
is rather small: (fpi − Npi)/fpi = 0.043. For large dif-
ferences the approximations used in (26) lack reliability,
while a small difference serves as a self-consistency check.
An important consistency check is given by the mo-
mentum dependence of the quark mass function Mq(p)
and, to a lesser extent, by the quark wave function
renormalisation Zq(p). Note that the latter has a rela-
tively strong dependence on the renormalisation scheme.
The result is shown in Figure 5. Our result is con-
sistent with the lattice data and the quark propaga-
tor from the fRG computation. In particular we find
that the constituent quark mass at vanishing momentum,
M(p2 = 0) = 387 MeV in Figure 5, is slightly smaller
than that in the fRG computation, and is rather close to
the result from lattice QCD.
In this context we emphasise that the resummation
schemes for the DSE and the fRG are working rather
differently. The former equation is depicted in Figure 1,
the latter one is depicted in Figure 6, for more details see
[1]. In comparison, the fRG equation consists of more di-
agrams as well as a different vertex structure: First of
all, all vertices are dressed and in particular the flow di-
agram with quark-gluon vertices has two dressed quark-
gluon vertices. Moreover, the flow equation for the quark
two-point function contains tadpole terms with the full
two-quark–two-gluon scattering vertex, the two-quark–
two-ghost scattering vertex and the quark four-point ver-
tex that are absent in the respective DSE. In particular
the latter tadpole is important for the strength of chi-
ral symmetry breaking. It carries in particular resonant
meson exchanges of the σ-mode and pions. In summary,
the small fRG-DSE deviations are within the expected
systematic error of the approximations used both in the
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FIG. 8. Mass function M(p2) of u/d quark propagator for
2+1 flavour QCD at different temperatures. We also show
the vacuum light quark propagator from unquenched lattice
simulations, [71], which is in quantitative comparison with
the present DSE results.
fRG and the DSE, which is a respective non-trivial con-
sistency check for both functional approaches.
We proceed with the 2 + 1-flavour case. The results
for the vacuum gluon propagator and quark propagator
are depicted in Figure 7 and Figure 8 together with finite
temperature results that are discussed in the next Sec-
tion IV. As in the 2-flavour case we determine the current
quark masses with (25), using (26),
m0l = 2.7 MeV : fpi = 89 MeV , Mq(0) = 351 MeV .
(29)
WithNpi = 86 MeV the difference between the pion decay
constant and the normalisation of the pion wave function
is rather small: (fpi − Npi)/fpi = 0.034. As in the 2-
flavour case this serves as a self-consistency check of the
approximations in (26). The small reduction of the pion
decay constant in comparison to the full one with 93 MeV
is a well-known artefact of the approximations in (26).
This completes the setup. We emphasise that in the
current approach there is no phenomenological infrared
parameter, the only input are the fundamental mass pa-
rameters of QCD: the light current quark masses fixed
with the pion pole mass, and, in the case of 2+1 flavours,
the ratio of the light and strange current quark masses.
Accordingly, the quark propagator and in particular the
pion decay constant fpi, the mass function Mq(p) and
the constituent quark mass Mq(0) are already predictions
within the current setup. Note also that we could have
fixed the physical point with the pion decay constant,
then the pion mass would have been a prediction. In
summary this amounts to a fully first principle setup, we
only have to determine the fundamental parameters and
all observables are predictions in the current approach.
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FIG. 9. Renormalised light chiral condensate for 2+1 flavour
QCD as a function of temperature for different baryon chem-
ical potentials. The lattice data at vanishing chemical poten-
tial are from [77]. The crossover steepens, finally leading to
2nd order CEP and a first order regime. A comparison with
the fRG results in [23] is done in Appendix B.
IV. RESULTS AND DISCUSSIONS
In this Section we present our results for 2- and 2 + 1-
flavour QCD at vanishing and finite temperature and
density. We depict our results for the physical case of
2 + 1-flavour QCD, the 2-flavour results show a similar
behaviour. In Figure 7 and Figure 8 we show the 2+1-
flavour gluon and quark propagators in the vacuum and
at finite temperature. Again the results are in quantita-
tive agreement with the respective lattice results in the
vacuum (gluon: [70, 72–74], quark: [75, 76]) and the func-
tional results at vanishing and finite temperature (gluon
and quark: fRG [23], DSE [10, 29]). At finite temperature
the gapping of the gluon propagator increases, consistent
with the functional results in [10, 23, 29], reflecting the
increase of the thermal screening masses.
These results readily extend to finite baryon chemical
potential. We are interested in particular in the chiral
phase structure at finite temperature and density. In the
present work we employ the definition of the chiral tran-
sition temperature Tc(µB) given by the thermal suscep-
tibility of the renormalised light chiral condensate ∆l,R.
Up to renormalisation terms the quark condensate ∆qi is
defined as
∆qi ' −m0qiT
∑
n∈Z
∫
d3q
(2pi)3
trGqiq¯i(q) , (30)
with qi = u, d, s. The renormalised light chiral conden-
sate comprises the thermal and density part of the chiral
condensate. In particular, the renormalised light chiral
condensate is given by
∆l,R =
1
2NR
∑
q=u,d
[
∆q(T, µB)−∆q(0, 0)
]
. (31)
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FIG. 10. Thermal susceptibility of the renormalised light chi-
ral condensate for 2+1 flavour QCD as a function of chemical
potential for different temperature.
The subtraction of the vacuum condensate eliminates the
necessity of explicitly discussing the renormalisation of
(30). In Figure 9 we show the renormalised light chi-
ral condensate obtained from the current computation
in comparison to lattice data at vanishing chemical po-
tential, [77]. Figure 9 also contains results for different
baryon chemical potentials. The peak of the thermal
susceptibility, ∂T∆l,R, provides the chiral transition tem-
perature. The susceptibilities are shown in Figure 10
for different baryon chemical potentials. The crossover
temperatures for 2- and 2 + 1-flavour QCD at vanishing
chemical potential are computed as
Tc,Nf=2 = 166 MeV , Tc,Nf=2+1 = 154 MeV . (32)
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FIG. 11. Constituent u/d quark mass at zero momentum
M(0) for 2+1 flavour QCD as a function of µB at different
temperature. With temperature decreasing, the phase tran-
sition changes from crossover to first order.
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FIG. 12. Phase diagram in the plane of the temperature and
the baryon chemical potential. The grey and blue bands de-
note the crossover transitions for the 2- and 2+1 flavour QCD,
respectively; and the red star and black circle are their rele-
vant CEP. The bands are determined with 80% peak height
of ∂∆l,R/∂T at fixed µB . The black and red dashed lines
depict the peak positions for Nf = 2 + 1 and Nf = 2, respec-
tively. We also depict the two lines with µB/T = 2, 3 related
to reliability bounds for both lattice and functional methods.
The chiral transition temperatures in (32) are in quan-
titative agreement with the lattice, [48, 77, 78], and fRG
results, [23]. In Appendix B we also compare the tem-
perature dependence of the renormalised light chiral con-
densate computed in the present work and that from [23]
for different chemical potential. For small chemical po-
tential they are in quantitative agreement. In turn, they
show significant differences for µB/T >∼ 3, triggered by
the different locations of the CEP in both computations,
see Figure 13.
Now we proceed to the full phase structure at finite
density. Before we present the respective results, we
briefly discuss the self-consistency of our present approx-
imation at finite baryon chemical potential. At vanishing
temperature and below the baryonic onset µB < µ
∗
B , no
correlation function has an explicit dependence on µB ,
Γ
(n)
Φ1···Φn(p1, ..., pn;µB) = Γ
(n)
Φ1···Φn(p˜1, ..., p˜n; 0) , (33)
with p˜ defined in (4). Eq. (33) entails that the whole
µB-dependence of a correlation function is carried by the
frequency arguments. This is the Silver Blaze property
for correlation functions as discussed in [33, 79]. In the
present approximation we only consider the explicit µB-
dependence in γ0p˜0 and ignore the above subtleties in
the dressing functions Mq(p˜
2) ≈ Mq(p2) and Zq(p˜2) ≈
Zq(p
2). In Figure 11 we show the mass function Mq(p
2 =
0), that is at p˜2 = −µ2B/9. For T = 0 the µB-dependence
is rather small and simply reflects the mild momentum
dependence of the quark propagator for 0 ≥ p <∼ 0.5 GeV
for momenta p2 < 0. Accordingly, the violation of the
Silver Blaze property is very small.
This leads us to one of our main results, the phase
reference
curvature κ
Nf = 2 Nf = 2 + 1
fRG-DSE: this work 0.0179(8) 0.0150(7)
fRG: [23] 0.0176(1) 0.0142(2)
lattice: [47] 0.0149(21)
lattice: [50] 0.0144(26)
lattice: [52] 0.015(4)
DSE: [31] 0.038
DSE: [10, 29, 80] 0.0456 0.0238
fRG: [25] 0.0051
lattice: [81] 0.0078(39)
lattice: [82] 0.0056(6)
TABLE I. Curvature coefficients κ, see (34): fRG-DSE: this
work; fRG: [23] (Fu et al.), [25] (Braun et al.); Lattice col-
laborations: [47] (WB), [50] (Bonati et al.), [52] (hotQCD),
[81] (Allton et al.), [82] (Forcrand and Philipsen), Lattice
overviews [83, 84]; DSE: [31] (Gao et al.), [10, 29, 80] (Fischer
et al.), DSE overview [10].
structure of 2- and 2+1-flavour QCD summarised in Fig-
ure 12. The transition temperature Tc(µB) in Figure 12
decreases with increasing baryon chemical potential. The
curvature of the transition temperature line Tc(µB) at
vanishing chemical potential is determined within the ex-
pansion about µB = 0,
Tc(µB)
Tc
= 1− κ
(
µB
Tc
)2
+ λ
(
µB
Tc
)4
+ · · · , (34)
with Tc = Tc(µB = 0). From the results for the thermal
susceptibility we are led to
κNf=2 = 0.0179(8) , (35)
in the two flavour case, and
κNf=2+1 = 0.0150(7) . (36)
Both results are compatible with the respective fRG re-
sults in [23]. While the 2-flavour lattice results show
a wide spread, the 2 + 1-flavour lattice results for the
curvature are in quantitative agreement with the present
results. A comparison of all results is provided in Table I.
We now move to the discussion of the phase structure
at large baryon chemical potential. This requires a dis-
cussion of the reliability bounds of the current approx-
imation: the quark gap equation depends on the gluon
propagator and the quark-gluon vertex. As expected,
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the former correlation function shows little dependence
on the baryon chemical potential in agreement with re-
spective results from the fRG, [23] and other DSE stud-
ies [10, 33]. Accordingly, the respective systematic er-
ror is supposedly small. In turn, the quark-gluon ver-
tex inherits a strong dependence on the baryon chemi-
cal potential related to that of the quark propagator via
the STI. Moreover, strongly resonant baryon and meson
channels are potentially not well-captured by the present
STI-construction of the vertex. Based on this analysis
and the results in [23] on non-trivial momentum depen-
dencies for µB/T >∼ 3 we conclude that the present ap-
proximation has to be upgraded towards solving the DSE
for ∆Γ
(3)
qq¯A in this regime.
With this caveat in mind we explore the large density
regime. For 2-flavour QCD we find a critical end point
at large µB with
(T
CEP
, µBCEP)Nf=2 = (108, 654) MeV . (37)
For 2+1-flavour QCD we find a critical end point with
(T
CEP
, µBCEP)Nf=2+1 = (93, 672) MeV . (38)
Both CEPs are at large ratios µB/T ,
Nf = 2 :
µBCEP
T
CEP
= 6.05 ,
Nf = 2 + 1 :
µBCEP
TCEP
= 7.23 . (39)
As already mentioned above, in this regime the current
approximation has lost its quantitative reliability. Its
systematic improvement is under way: we solve the DSEs
for the vertex dressings ∆λ(i) with i = 1 − 8 in ∆Γ(3)q¯qA.
This analysis also includes scalar-pseudoscalar meson and
baryon exchange channel, see [30]. Note that the current
fRG-DSE setup allows to utilise fRG results on the scalar,
pseudoscalar and density four-quark channels as well as
higher order scatterings of resonant channels. We hope
to report on respective results soon.
We close this section with a comparison of our main
result, the phase structure of NF = 2 + 1 flavour QCD
with other theoretical results as well as freeze-out data
from different groups, see Figure 13. We would like to
emphasise again that the current computation relies only
on the determination of the fundamental parameters of
QCD. The light current quark masses are fixed with the
pion mass, and the strange current quark mass is fixed
with the ratio of m0s/m
0
l ≈ 27. All correlation functions,
and the renormalised light chiral condensate as well as
the critical temperatures Tc(µB) are predictions in first
principle functional QCD and compare well to the fRG
results and the lattice results at small densities. In sum-
mary, the current combined functional setup and respec-
tive DSE and fRG studies provide a promising starting
point for getting to quantitative predictions in the large
density regime including the potential CEP in the next
few years.
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FIG. 13. phase diagram for 2+1 flavour QCD in comparison
to other theoretical results and phenomenological freeze-out
data. The blue dashed line displays the results from the cur-
rent work. The results agree well with the fRG and lattice
results for small chemical potential. In the red hatched regime
the fRG results from [23] show a minimum of the pion dis-
persion at nonvanishing spatial momentum together with a
sizable chiral condensate. This may indicate an inhomoge-
neous regime. For a comparison of the curvature at small
baryon chemical potential see Table I.
Other theoretical results: fRG for QCD with dynamical hadro-
nisation [23] (Fu et al.), lattice QCD with analytic continu-
ation from imaginary chemical potential [47] (WB), lattice
QCD with Taylor expansion at vanishing chemical potential
[52] (HotQCD), DSE approach with backcoupled quarks and
a dressed vertex [29] (Fischer et al.), and DSE calculations
with a gluon model [31] (Gao et al.).
Freeze-out data: [3] (STAR), [85] (Alba et al.), [4] (Andronic
et al.), [86] (Becattini et al.), [87] (Vovchenko et al.), and [88]
(Sagun et al.). Note that freeze-out data from Becattini et
al. with (light blue) and without (dark green) afterburner-
corrections are shown in two different colors.
V. SUMMARY
In this work we have evaluated the QCD phase struc-
ture at finite temperature and chemical potential with
a combination of the functional renormalisation group
(fRG) and Dyson-Schwinger (DSE) equations set-up in
Section II: fRG results from [1] for the 2-flavour gluon
propagator and quark-gluon vertex in the vacuum have
been used as an input for the DSEs of 2- and 2+1-flavour
QCD at finite temperature and density. We have solved
the coupled set of DSEs for the quark propagator and for
the thermal and density corrections of the gluon propaga-
tor for 2- and 2+1-flavour QCD. In the latter case we also
have computed the strange quark contributions for all
temperatures and densities. The respective corrections of
the quark-gluon vertex have been deduced from regular-
ity properties of the vertex for momenta p >∼ 1 GeV, rela-
tions between the dressings of the different tensor struc-
tures, and the Slavnov-Taylor identities for the dressing
11
functions, see Section II C. No phenomenological scale
has to be tuned and the only parameters are the fun-
damental ones in QCD, the current quark masses, see
Section III. The latter are determined with the pion pole
mass mpi = 140 MeV, and, in the 2+1 flavour case, with
the ratio of light and strange current quark masses.
The approach has been benchmarked in the vacuum
and at finite temperature: the results for gluon propa-
gator, quark propagator and the renormalised light chi-
ral condensate are consistent with lattice results, e.g.
[70, 71, 89], fRG results, [23], and DSE results, e.g. [10]
and references therein. The respective comparisons are
depicted in Figures 5, 7, 8, 9.
After these successful benchmarks the setup has been
used for the computation of the phase structure for 2- and
2 + 1-flavour QCD at finite temperature and density, see
Figure 12. For 2 + 1-flavour QCD the results have been
compared with other theoretical results as well as freeze
out data, see Figure 13 and the discussion there. At
small chemical potential the present result agrees quan-
titatively with lattice and fRG results. For µB/T <∼ 3,
the present approach can be readily used for the compu-
tation of observables such as net baryon number fluctu-
ations relevant for the access to the freeze-out curve as
well as for the physics of the QCD epoch in the early
universe, see e.g. [90].
For larger chemical potential, µB/T >∼ 3, lattice simu-
lations are obstructed by the sign problem. In this regime
the present fRG-assisted DSE results agree quantitatively
with the fRG results in [23]. This non-trivial agreement
enhances the reliability of the respective results, given
the very different resummation schemes of DSE and fRG
used in particular in the matter sector. Still, the approx-
imation used in FRG computation [23] and the present
approximation lack quantitative reliability in this regime:
the current construction of the thermal and density cor-
rections of the quark-gluon vertex can only be trusted
quantitatively as long as it still a correction. This calls for
a self-consistent computation of the thermal and density
fluctuations that contribute to the quark-gluon vertex in
particular in the presence of resonant interactions trig-
gered by the finite density as well as scaling phenomenon
in the vicinity of a potential critical end point. To a
smaller degree this reliability analysis also applies to the
present linear feedback of temperature and density cor-
rections in the gluon DSE. With the important caveats in
mind, the current computation shows a critical endpoint
at (TCEP, µBCEP) = (93, 672) MeV, see (38).
We emphasise that the approximations used here do
not pose conceptual or computational challenges and
can be resolved in an extension of the current work.
In order to consolidate the large density results, the
approximation is currently systematically improved, as
well that used in the respective fRG computation from
[23]. These combined works should finally allow for a
quantitative access to the large density regime including
the position of the potential CEP.
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Appendix A: Quark-gluon vertex from gauge
invariant quark-gluon terms, STIs and regularity
In this appendix we provide the details and numerical
checks for the construction of a quark-gluon vertex at
finite temperature and density. In particular we utilise
the derivation of the complete set of tensor structures
from local gauge invariant operators and the STIs, as
well as regularity constraints for p >∼ 1 GeV.
1. Relations from gauge invariant quark-gluon
interactions and regularity
The full quark-gluon vertex can be expanded in a ten-
sor basis {T iqq¯A} with i = 1, ..., 12. A tensor basis for the
transverse part of the vertex, (17), has been obtained
from the (19) with i = 1, ..., 8 via transverse projections.
The four remaining tensors are obtained from the longi-
tudinal projections of these tensors. These projections
only contain four linearly independent tensors, and we
choose[
T (9,10,11,12)q¯qA
]
µ
(p, q) = Π
‖
µν(k+)
[
T (1,2,6,8)q¯qA
]
ν
(p, q) .
(A1)
The dressing functions of these tensor structures can be
determined via the STI for the quark-gluon vertex, which
relates the dressings to the dressings of the quark, gluon
and ghost propagators as well as scattering kernels. A
very detailed analysis of the respective STI-relation for
the longitudinal dressings λ
(9−12)
qq¯A is given in [1], Ap-
pendix D.
Regularity for perturbative and semi-perturbative mo-
menta relates in particular λ
(1)
qq¯A and λ
(9)
qq¯A with
λ
(9)
qq¯A(p, q) ' λ(1)qq¯A(p, q) , for p¯ >∼ 1 GeV . (A2)
For deriving (A2) we first remark that λ
(1)
qq¯A is the dress-
ing of the transverse projection of T 1qq¯A, while λ(9)qq¯A is the
dressing of its longitudinal projection. The full relation
also involves λ
(5,7)
qq¯A and can be found in [1], Appendix D.
Then (A2) follows with a further relation,
λ
(7)
qq¯A(p, q)
2
− λ(5)qq¯A(p, q) ≈ 0 for p¯ >∼ 1 GeV . (A3)
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The cancellation between λ
(5)
qq¯A and λ
(7)
qq¯A is suggested by
the relation of the respective tensor structures: both can
be derived from the gauge invariant quark-gluon interac-
tion term,
q¯ Dµ{[γµ , γν ] , D/ }Dν q , (A4)
related to q¯D/ 3q, see [1, 15]. There, (A3) has also been
checked numerically. For the last of these tensor struc-
tures related to q¯D/ 3q it has been found numerically,
λ
(7)
qq¯A(p, q)
12
− λ(6)qq¯A(p, q) ≈ 0 for p¯ >∼ 1 GeV , (A5)
Note that such relations also hold for the dressings of the
tensor structures λ
(2,4)
qq¯A derived from q¯D/
2q,
λ
(2)
qq¯A(p, q)
2
≈ λ(4)qq¯A(p, q) for p¯ >∼ 1 GeV . (A6)
This closes the discussion of relations between dressing
functions from gauge invariant quark-gluon interaction
terms and regularity.
2. STI-construction
Now we utilise the STIs for the dressings λ
(9−12)
qq¯A for
the determination of the transverse dressings for finite
T, µB . With the relations relations (A3), (A5), (A6) this
only has to be done for i = 1, 4, 7, 8. First we discuss the
dressing of the classical tensor structure: with (A2) we
can use the STI for the longitudinal dressing λ
(9)
qq¯A also
for the transverse dressing λ
(1)
qq¯A. This leads us to
λ˜
(1)
qq¯A(p, q) ≈
(
λ
(1)
qq¯A(p, q)
ΣZq (p, q)
)(in)
≈
(
λ
(1)
cc¯A(p, q)
Zc(k+)
)(in)
,
(A7)
for p¯ >∼ 1 GeV. Here, λ(1)cc¯A is the dressing of the transverse
part of the ghost-gluon vertex, and the differences ∆X
and sums ΣX of the quark dressings defined in (24) carry
the momentum and RG-behaviour of the quark two-point
functions. Moreover, in the present work the superscript
(in) indicate the vacuum Nf = 2-flavour data. The dress-
ing λ˜
(1)
qq¯A(p, q) is nothing but the full scattering kernel in
the STI (up to the convenient rescaling with Zc(k+)).
The ratios in (A7) are approximately constant for
p¯ >∼ 1 GeV in line with regularity. In turn, for p¯ <∼ 1 GeV
regularity fails, see [1], which is reflected in a non-trivial
momentum dependence of the ratios, see Figure 14. Im-
portantly, the STI links the dressing λ
(1)
qq¯A of the classi-
cal tensor structure to ghost-gluon correlation functions
and the quark wave function renormalisation. It is well-
known that Zc and λ
(1)
cc¯A are nearly insensitive to finite
temperature and small chemical potentials, as well as the
strange quark.
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q q A Z c  / Σ Z q   λ ( 1 )
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FIG. 14. The ratio λ
(1)
qq¯AZc/ΣZq in comparison to λ
(1)
cc¯A, the
ghost-gluon dressing related to the quark-ghost scattering ker-
nel, see (A7), at the symmetric point as a function of momen-
tum.
Note also that the non-regularity of vertices is in one-
to-one correspondence to the occurrence of a gluon mass
gap which signals confinement, for a detailed discussion
see [1, 20]. Accordingly, the irregularity in the quark-
gluon vertex is triggered by the necessary one in the
glue system. In summary this suggests the following
parametrisation of the vertex: the non-trivial deviation
from the STI-construction based on the regularity as-
sumption is triggered by the gluon sector and hence is
well-captured by the Nf = 2 flavour vertex. In turn, the
strange quark and finite temperature and density fluc-
tuations are regular, potential corrections to the irreg-
ularities only come indirectly via the gluon correlation
functions in the diagrams for strange, T and µB fluctu-
ations. These subleading effects are discarded here, but
are evaluated in a forthcoming publication.
Importantly, under the assumption of regularity of the
vertex in the vanishing gluon momentum limit k+ → 0
one can relate combinations of the transverse dressings
λ
(1−8)
qq¯A to the longitudinal ones, hence fixing the former
by the STIs. It has also been shown in [1, 15], that the
regularity of the quark-gluon vertex holds for momenta
k2+
>∼ 1 GeV2, but fails below. Moreover, also the scat-
tering kernels only deviate from unity in the infrared. In
Figure 15 this is shown for the most relevant dressings
λ
(1,4,7)
qq¯A at the symmetric point (11). Given the small an-
gular dependence, the momentum behaviour at the sym-
metric point gives a very good estimate of the validity of
the STI-regularity relations in the loops. This will pro-
vide us with the dressing functions ∆λ
(i)
qq¯A, i = 1, ..., 8
with
λ
(i)
qq¯A = (λ
(i)
qq¯A)
(in) + ∆λ
(i)
qq¯A , (A8)
where the momentum dependence has been suppressed,
and the superscript (in) indicates the input, here 2-flavour
vacuum QCD data. We start with the generalised version
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FIG. 15. Momentum-flat combinations of quark-gluon vertex
dressings λ
(1,4,7)
qq¯A with quark, ghost and gluon dressing func-
tions at the symmetric point p¯. Up to approximately s, T, µB-
independent factors such as Zc and λ
(1)
cc¯A these combinations
are the λ˜
(1,4,7)
qq¯A defined in (A10), (A11), (A12).
of (15) for λ
(1)
qq¯A, and are led to
∆λ
(1)
qq¯A(p, q) = λ˜
(1)
qq¯A(p, q)
[
ΣZq − Σ(in)Zq
]
(p, q) . (A9)
with
λ˜
(1)
qq¯A(p, q) =
(
λ
(1)
qq¯A(p, q)
ΣZq (p, q)
)(in)
, (A10)
with ΣX and ∆X as defined in (24). At the symmetric
point (A9) reduces to (15). As an estimate for the sys-
tematic error we shall use both approximations for λ˜
(1)
qq¯A
in (A7).
It is left to extend the transverse dressings λ
(4,7,8)
qq¯A to
finite T, µB . While λ
(8)
qq¯A is subleading, the other two are
relevant, and are depicted in Figure 4.
We first discuss the dressing λ
(4)
qq¯A of the chirally break-
ing tensor structure T (4)qq¯A. Naturally it has to vanish for
Mq ≡ 0 and a consistent extension to T, µB 6= 0 should
reflect this property. In the momentum regime with reg-
ularity it is related to the longitudinal dressing λ
(10)
qq¯A but
none of the other longitudinal ones. This suggests a con-
struction with ∆ZqMq . Moreover, RG-consistency either
enforces a dressing with Z
1/2
A or with 1/Zc, the differ-
ence being the momentum running of the (ghost-gluon
propagator-) coupling. This leads us to
λ˜
(4)
qq¯A(p, q) =
(
λ
(4)
qq¯A(p, q)
Z
1/2
A (p+ q)∆ZqMq (p, q)
)(in)
, (A11)
depicted in Figure 15.
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FIG. 16. Momentum-flat combinations of quark-gluon vertex
dressings λ
(1−8)
qq¯A with quark, ghost and gluon dressing func-
tions at the symmetric point p¯. They are related to λ˜
(1−8)
qq¯A
defined in (A10), (A11), (A12) and the relations (A3), (A5),
(A6) excluding i = 3. They are used in the vertex corrections
∆λ
(1−8)
qq¯A in (22).
For λ
(7)
qq¯A we use its occurrence in the regularity relation
for λ
(9)
qq¯A and the STI scaling of the latter. This leads us
to
λ˜
(7)
qq¯A(p, q) =
(
λ
(7)
qq¯A(p, q)
∆Zq (p, q)
)(in)
. (A12)
Finally, for λ(8) we use its occurrence in the regularity
relation for λ
(12)
qq¯A and the STI scaling of the latter,
λ˜
(8)
qq¯A(p, q) =
(
λ
(8)
qq¯A(p, q)
∆ZqMq (p, q)
)(in)
. (A13)
We note that (A13), as the other relations for the dressing
factors λ˜
(i)
qq¯A, captures the perturbative limit and hence
the qualitative dependence on T and µB .
We also emphasise that while the other STI relations
used in the present work related to λ
(1)
12 , the scalar tensor
structure in the ghost-quark scattering kernel, that for
λ
(12)
qq¯A also depends on λ
(4)
12 proportional to σµν . This may
explain the lack of Zc in the relation above. In any case
it simply hints at a more complicated relation for λ
(8)
qq¯A.
Here we refrain from a more detailed discussion as λ
(8)
qq¯A
is subleading.
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The relations (A11), (A12), (A13) lead us to
∆λ
(4)
qq¯A(p, q) =λ˜
(4)
qq¯A(p, q)
[
Z
1/2
A (k+) ∆ZqMq
−
(
Z
1/2
A (k+) ∆ZqMq
)(in)]
(p, q) ,
∆λ
(7)
qq¯A(p, q) =λ˜
(7)
qq¯A(p, q)
[
ΣZq − Σ(in)Zq
]
(p, q) ,
∆λ
(8)
qq¯A(p, q) =λ˜
(8)
qq¯A(p, q)
[
∆ZqMq −∆(in)ZqMq
]
(p, q) .
(A14)
The respective ratios related to the λ˜
(i)
qq¯A with i = 1, ..., 8
are depicted in Figure 16, and the complete list of T, µB-
dependent dressing is summarised in (22).
Appendix B: Chiral condensate at finite T and µB
Here we compare the temperature dependence of the
renormalised light chiral condensate in 2+1 flavour QCD
for different baryon chemical potential with the fRG re-
sults from [23]. The results are depicted in Figure 17.
With increasing baryon chemical potential the deviations
grow larger. The relatively small deviations at µB/T <∼ 3
or µB <∼ 400 MeV provide an estimate of the systematic
error of the respective works. They can be traced back to
the different approximation schemes in DSE and fRG. For
larger baryon chemical potential, µB/T >∼ 3, we approach
the CEP in the fRG computation at µB = 635 MeV, and
the CEP in the present work is approached for larger
chemical potential, µB = 672 MeV. Hence, while the dif-
ferent locations of the CEPs also provide systematic er-
rors for the prediction of the CEP, the larger deviations
of the condensates does not indicate a qualitative failure
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FIG. 17. The renormalised light ciral condensate at µB =
0, 200, 400, 600 MeV as a function of T , compared with fRG
results from [23].
of the approximations. Still, for µB/T >∼ 3 the respec-
tive approximations have to be systematically improved
for narrowing down the location (and even presence) of
the CEP.
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